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Abstract

In explainable AI, DNN gradients are used to interpret the prediction; in safety-
critical control systems, gradients could encode safety constraints; in scientific-
computing applications, gradients could encode physical invariants. While recent
work on provable editing of DNNs has focused on input-output constraints, the
problem of enforcing hard constraints on DNN gradients remains unaddressed. We
present ProGrad, the first efficient approach for editing the parameters of a DNN to
provably enforce hard constraints on the DNN gradients. Given a DNN N with pa-
rameters 6, and a set S of pairs (x, Q) of input x and corresponding linear gradient
constraints Q, ProGrad finds new parameters 6 such that A s LN(x;0) € Q
while minimizing the changes [|# — 6||. The key contribution is a novel condi-
tional variable gradient of DNNs, which relaxes the NP-hard provable gradient
editing problem to a linear program (LP), enabling ProGrad to use an LP solver
to efficiently and effectively enforce the gradient constraints. We experimentally
evaluated ProGrad via enforcing (i) hard Grad-CAM constraints on IMAGENET
ResNet DNNGs; (ii) hard Integrated Gradients constraints on Llama 3 and Qwen 3
LLMs; (iii) hard gradient constraints in training a function-approximation DNN as
a proxy for safety constraints in control systems and physical invariants in scientific
applications. The results highlight the unique capability of ProGrad in enforcing
hard constraints on DNN gradients.

1 Introduction

Incorporating constraints into deep neural networks (DNNs) can enable learning with less data
(e.g., in scientific domains) and provide guarantees about their behavior (e.g., in safety-critical
applications). This has led to many recent works on provable editing of DNNs [41} 40], which
enforce hard constraints on input-output behavior of DNNs. However, the problem of enforcing hard
constraints on the gradients of DNNs remains unaddressed. This paper presents ProGrad, which
addresses the provable gradient editing problem defined below:

Definition 1.1. Given a DNN N : R® — R™ with parameters 6, a set S C {x |x € R”} X
{Q| Q CR™*™} of pairs (x,Q), where x € R™ is an input and Q o {J e R™*" | Avec(J) <b}

is the corresponding linear constraints on the Jacobian (TOXN (x;0) € R™*™ of the DNN N with
respect to the input x, we use vec(J) to denote the Jacobian matrix J flattened as a vector. The

provable gradient editing problem is to find new parameters 6 such that

min [0 -6 st /\ %N(x;@)e@ (Hm

xQ)es
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(a) Target function f, whose gradient (b) Unsafe DNN N7, whose gradient (c) Safe N> repaired by ProGrad,
% f is bounded. %N 1 1S not bounded. whose gradient %Ng is bounded.

Figure 1: Enforcing hard constraints on the gradient of a DNN. (Left) shows the target
function f(x) = —x cos(z) + sin(z) over the input domain [0, 37], whose gradient % flx) =
x sin(z) is bounded by g, (z) = z and g;(z) = —=z. (Middle)shows a DNN WV trained on both
the output and the gradient of f. Although N has good (low) output and gradient errors, its gradient
%N 1 violates the hard constraints—as shown in the zoom-ins, its gradient %J\/’ 1 1s not bounded by
gu and g;. (Right)[I(c)|shows a DNN N edited by ProGrad to satisfy the hard gradient constraints —
its gradient %NQ is bounded by g,, and g;. DNN N3 also achieves better (lower) output and gradient
errors. See Section@for more details.
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Figure 2: Enforcing hard Grad-CAM constraints on an IMAGENET ResNet152 DNN. Figure[2(a)
shows a correctly-classified image with an appropriate Grad-CAM (2(b)) focusing on the object
of interest. Figure 2(c)|shows a Gaussian-noise-corrupted version of the original image, which is
misclassified by the DNN, and the focus of its Grad-CAM (2(d)) deviates from the object of interest.
We use ProGrad to edit the DNN to enforce the reference Grad-CAM (2(b)) on the corrupted image
(2(c)). Figure[2(e)|shows the Grad-CAM of the corrupted image on the edited DNN, which is now
aligned with the reference Grad-CAM [2(b)). See Section|[5.Tfor more details.

In other words, provable gradient editing aims to make minimal changes to the parameters of a
DNN to ensure that the DNN is guaranteed to satisfy any affine constraints involving the gradients
of the DNN with respect to its input. Hard constraints on the gradient of a function with respect
to its input are common in many scientific applications and safety-critical control systems. As
an illustrative example, consider the function f(z) in Figure whose gradient % f should be
bounded by ¢, () = x and g;(z) = —x over the domain [0, 37]. Prior regularization-based training
approaches can be used to enforce soft constraints on the gradient. However, as shown in Figure [I(b)]
although such a DNN N achieves good (low) output and gradient errors, its gradient %N 1 exceeds
the bounds g,, and g; and violates the hard gradient constraints, hence unsafe. In contrast, Figure [I(c)]
shows a safe DNN N5 edited by our method ProGrad to satisfy the hard constraints on the gradient,
which also achieves better (lower) output and gradient errors.

Another natural application of gradient constraints is to ensure that the DNN has the appropriate
gradient-based interpretation for a given input, which is important for explainable Al Figure 2] shows
a use case where we enforce an expected Grad-CAM attribution (Definition [3.3) for an IMAGENET
ResNet-152 DNN; Figure [3] shows a use case where we enforce an expected Integrated Gradients
attribution (Definition 3.4)) for a Llama 3 LLM [9].
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Figure 3: Enforcing hard Integrated Gradients (IG) constraints on a Llama 3 LLM [9]. The
sentence is from the Stanford Sentiment Treebank 2 (SST-2) dataset [36]]. The first row shows the
reference IG from a larger LLM, which correctly classifies the sentiment of the sentence as positive.
The second row shows the deviated IG from the smaller LLM, which misclassifies the sentiment of
the sentence as negative. The third row shows the edited IG from the repaired smaller LLM edited
by ProGrad, whose IG is enforced to be close to the reference IG from the larger LLM, and correctly
classifies the sentiment of the sentence as positive. See Section@for more details.

To the best of our knowledge, ProGrad is the first efficient approach for enforcing hard constraints
on the gradients of a DNN that runs in polynomial time in the size of the edited layers (Theorem [4.3).
Our key contribution is a novel conditional variable gradient of DNNs (Definition 4.2), which
relaxes the NP-hard provable gradient editing problem to a linear programming (LP) problem,
enabling ProGrad to use an LP solver to efficiently and effectively enforce the gradient constraints.

We evaluate ProGrad by enforcing (i) hard Grad-CAM constraints on IMAGENET ResNet DNNS;
(ii) hard Integrated Gradients constraints on Llama 3 and Qwen 3 LLMs; (iii) hard gradient constraints
in training a function-approximation DNN, which acts as a proxy for safety constraints in control
systems and physical invariants in scientific applications. The results highlight the unique capability
of ProGrad in enforcing hard constraints on DNN gradients and gradient-based explanations.

2 Related Work

There have been many recent works on incorporating constraints into deep learning. These can be
categorized into four categories based on whether they treat constraints as soft or hard constraints,
and whether they support input-output constraints or gradient constraints.

For soft constraints, regularized training modifies the loss function to incorporate constraints
as regularization and does not guarantee constraint satisfaction. There have been many recent
such approaches for incorporating input-output constraints [14, [5L12] [38]). Certified
training [21} (7, 311 [T} 241 221 20] is a type of regularized training geared towards adversarial robustness.
For gradient constraints, Park et al. [25] present a technique for preserving the Grad-CAM attribution
when performing network compression. They proposed a new loss function that incorporates the
match between the attribution maps during the fine-tuning stage of compression, and present three
variations of this matching loss function: EWA, SWA and SSWA. Similar approaches are also used
in visual grounding for visual question answering tasks [30]. Physics-informed neural networks
(PINNS) [28, 3] is another type of regularized training that incorporates DNN gradients to encode
physics constraints to solve differential equations using DNNss.

For hard constraints, directly using an SMT solver to incorporate input-output constraints is
inefficient and does not scale beyond small DNNs [6, [T9] [8]. More efficient approaches are based
on relaxing the problem to solving an LP problem [41],[37,/40]. APRNN [41] is efficient in enforcing
arbitrary affine output constraints for input points. The state-of-the-art provable editing approaches
APRNN and PREPARED [40Q] are also able to handle affine output constraints for input polytopes.
However, they do not handle gradient constraints.



To the best of our knowledge, ours is the first approach to efficiently enforce hard constraints on the
gradients of DNNs. Though the current work focuses on handling input points, future work could
enforce gradient constraints on input polytopes by adapting ideas from APRNN and PREPARED.

DNN verification aims to determine whether a DNN satisfies a given input-output [34} 13511501 143/ 133|
49,146, 141 2 144] or gradient property such as monotonicity and Lipschitz robustness [L15, 11632} [13].

3 Preliminaries

We use £ € R to denote a scalar, x € R™ to denote a column vector, and W € R™*™ to denote a
matrix. Variables in blue with a hat denote LP decision variables, e.g., X, Z, W Variables in blue
with a tilde denote the conditional variables, e.g., X, Z.

Definition 3.1 (DNN). Consider an L-layer feed-forward ReLU deep neural network (DNN) N with
parameters § = {W©O WD), WD) bO) b() . b1}, Foreach layer 0 < £ < L, we use

2O LW Ox(O) L p©) )
to denote the pre-activation output z(*) after the affine transformation. For a non-last layer £ < L—1,
XD ¢ diag (lz(e)>0) 70 3)

denotes the layer output x“*1 after the ReLU activation, where diag(1,) is a diagonal matrix

of the indicator vector 1, o, whose i-th element is 1 if zl(-e) > 0, or 0 otherwise. For the last layer

(L) &l 5 (L-1)

¢ = L—1, we assume no ReLU activation and use x to denote the layer output. Given the

DNN input x € R™, we have the first-layer input x(*) £ x and the network output NV (x; 0) “x0) m
Definition 3.2 (Gradient of DNNs). For an L-layer ReLU DNN N : R™ — R™ with parameters

0, the gradient (Jacobian) %N (x;0) of the DNN output NV (x;6) € R™ with respect to the input
x € R" is defined by the chain rule as

) et Ox(ttD) 9z0)
&N(X, 9) - [:1;[_1 8Z(é) 8)((@) (4)
For the ReLU activation x(“*1) = diag(1,0) () of a non-last layer £ < L—1, the gradient %
of the (-th layer post-activation output x(“*) with respect to the pre-activation output z(*) is
ax(€+1) o
W d:f dlag(lz(2)>0) (5)

and for the last layer / = L—1 without ReLU activation, agff(i)l) o diag(1) is the identity matrix.

For the affine transformation z(¥) &

WO+ b, the gradient gﬁg of the pre-activation output z(©)

with respect to the ¢-th layer input x(“~ ) is defined as

Ew 6) |

3.1 Conditional variable output of DNNs for provable output editing

Our method ProGrad extends the conditional variable output of DNNs, introduced by APRNN [41]], to
the conditional variable gradient of DNNs. We now present how APRNN focuses on the forward pass
and constructs the conditional variable output of DNNs. For clarity, we assume the first-layer weight
and all-layer biases are variables. In practice, APRNN can freeze the first few layers and only make the
rest of the DNN have variable parameters.

Definition 3.3 (Conditional variable output of DNNs). Consider an L-layer feed-forward ReL.U
DNN N with parameters £ WO W), WED BO) b bEL where the first-layer
weight W(® and all-layer biases b(*) are variables. For an input x € R™, the conditional variable



output N (x; 5) € R™ with linear activation condition ¢ is a linear expression over 6 that is sound if
the condition ¢ is satisfied. In other words, for any assignment 6 to the variable parameters 6 that
satisfies the activation condition @, N (x;6) = N(x;6). Next we define the conditional variable
output and condition @) for each layer ¢.

The pre-activation conditional variable output z(®) for the first layer ¢ = 0 with variable weight is
7(0) & (05 (0) 4 (0) (7
The pre-activation conditional variable output Z(*) for other layers 0 < ¢ < L with constant weight is
PACE=R ONONRNG) ®)
The conditional variable layer output X(“*") for a non-last layer £ < L —1 is defined as

XV E diag (Lys0) 20 ©)

with the ¢-th layer activation condition @(*)
{5“) o dlag(lz<z)>0) 700 A dlag(lz</z><0) z¢ )< 0 (10)

The activation condition ¢(*) is constraining the ReLU activation pattern of the pre-activation con-
ditional variable output z(*) to be the same as a constant pre-activation output z(*), so that if ¢(*)
is satisfied, diag(1§(£)>0) = diag (lz(e)>0). The choice of the constant z(*) is arbitrary, the default
choice is the pre-activation output of the original DNN A/. For the last layer £ = L—1 without ReLU

activation, X(1) & 7(L=1) and pL-1D & T

Given the DNN input x(*) & x, we have the conditional variable network output N (x; 5) @) with
the activation condition @ = A, 3. [ ]

3.2 Gradient-based interpretation methods

Definition 3.4 (Integrated Gradients [39]). Given an input x and a baseline input x°. Let x “x04ad

be the linearly interpolated points between the baseline x° and the input x, where o € [0, 1] and

d £ x —x°. The integrated gradients (IG) from x° to x is defined as the integral of the gradients

‘1./\/' (x“) along the path, then multiplied by the difference vector d:

1

0
16 defd@/ — N (x%)d 11
(%) o~ (x*)da (11)

where © denotes the element-wise product. In practice, this integral is approximated by a left-
Riemann sum with m steps:

1 m
I Gapprox d: - -
O Z N (x7 12)m
k=0
Definition 3.5 (Grad-CAM [29])). Given a convolutional DNN A/ and input x, lety € R€ denote the
DNN output, and z € REXH*W denote the pre-activation output of the last convolutional layer of

the DNN where K is the number of channels, and H and W are the height and width of the feature
map. The Grad-CAM localization map L¢ € R *W is defined as

L°=Y af h e d 13
;akzk where aj, = T szazkw (13)

where the neuron importance weights a® € R¥ for z is the average gradient of the output class ¢ with
respect to each channel k of the pre-activation output z. Optionally, one can simplify the Grad-CAM
localization map L by applying a ReLU activation to ignore the negative attributions. In this paper,
we consider the Grad-CAM attribution with any sign, hence don’t apply the ReLU activation to L¢. Bl



4 Approach

This section presents ProGrad, which solves the provable gradient editing problem of DNNs using
linear programming (LP). For ease of exposition, we consider the following provable gradient editing
problem for a scalar-valued DNN A : R” — R with gradient a%]\/ (x;0) € R™, and assume the
first-layer weight and all-layer biases are variables. In practice, ProGrad allows editing only the
last few layers and freezing the rest of the DNN, enabling efficient editing because the size of the LP
only depends on the edited layers instead of the entire DNN. We defer the extension to the general
provable editing problem of Definition [I.1] for vector-valued DNNs, as well as handling multiple
inputs and editing only the last few layers to Appendix [B] The proofs for all theorems can be found
in Appendix [A]

Definition 4.1. Given a DNN NV : R” — R with parameters 6, and an input x € R™. The provable
gradient editing problem is to find new parameters é that

min [|§ — 0] s.t. %N(x;@)GQ (14)

where D%N (x; 5) € R™ denotes the gradient of the scalar output of A/ (x; 5) € R with respect to the

def

input x with new parameters 0. Q {z eER" | Az < b} is a convex polytope denoting the linear

-~

constraints for the gradient %N (x;0).

4.1 Conditional variable gradient of DNNs

Consider a DNN N with variable parameters 6 and input x. The exact variable gradient %N (x; 5)
of V is highly non-linear, involving quadratic terms from the multiplication between weights and

disjunctions from the ReL.U activation. Our key insight is to relax the non-linear O%N (x;0) to a

linear conditional variable gradient d—axf\f (x;0) that is sound under a linear activation condition .

Definition 4.2. The conditional variable gradient O%K/ (x; 5) of a DNN A in terms of 8 with respect
to the input x, under a poly-size linear activation condition @, is a poly-size linear expression that

equals the exact variable gradient %N (x;0) if the activation condition ¢ is satisfied.

In other words, for any assignment 6 to the variable parameters 6 that satisfies the activation con-
dition @, 2N (x;0) = 2N (x;0). The size of the condition % and the expression -\ (x; ) is
polynomial in the size of the edited layers of the DNN, i.e., the number of edited layers, parameters,
and the input and output dimensions of each edited layer. In practice, ProGrad allows editing only the

last few layers of a DNN. We defer the construction of such conditional variable gradient %N (x; 5)
of N to Section and first show how it can be used to solve the provable gradient editing problem.

4.2 Provable gradient editing via conditional variable gradient of DNNs

The following theorem shows how the conditional variable gradient of DNNs can be used to solve
the provable gradient editing problem.

Theorem 4.3. Given a provable gradient editing problem (Definition for DNN N and pa-

rameters 0 with input X and a gradient constraint Q 4 {zeR"|Az <Db}. Let %N(x; 0) be
the conditional variable gradient of the DNN N with respect to the input X, under the activation
condition @. The following linear program can be solved in polynomial time in the size of the edited
layers of the DNN N, and its solution is a solution to the provable gradient editing problem.

min|[@ — 0| st P A A%K/(x;ﬁ)gb (15)

4.3 Conditional variable gradient of fully-connected ReLU DNN

This section presents how ProGrad focuses on the backward pass and constructs the conditional
variable gradient of a fully-connected ReLLU DNN N with respect to the input x and its parameters 6.



Definition 4.4. Consider an L-layer feed-forward ReLU DNN N (Definition [3.1) with parameters
0 {W(O), WO . WD BO) hM) ,’E)\(L‘l)}, where the first-layer weight W () and all-layer
biases b(¥) are variables. For an inputx € R", the conditional variable gradient %fv (x; 5) of a DNN
N in terms of 6 with respect to the input x is defined by the chain rule as

o ~, - 0 5%+ gz

o0 o0 (1o

with the activation condition @ £ A, @' defined from each layer £.

For the conditional ReLU activation g+ & diag(1,050) 2 of non-last layer £ < L—1, the
conditional variable gradient ‘)’5 =7 ’ of the ¢-th layer post-activation output X(“+1) with respect to the
pre-activation output z( is

a§(6+1) def 5.

W = dlag(lz(z)>0) (17)

with the /-th layer activation condition @ (©)
) = diag (L) 2> 0 A diag(l,0<0) 2 zZ9<0 (18)

The activation condition ¢(*) is constraining the ReLU activation pattern of the pre-activation con-
ditional variable output z(*) to be the same as a constant pre-activation output z(*), so that if @)
is satisfied, diag(15()~() = diag(1,010). The choice of the constant z(9) is arbitrary, the default
choice is the pre-activation output of the original DNN A. For the last layer £ = L—1 without ReLU
. . '(');{(L) def 5. . . . .

activation, 57—y, = diag(1) is the identity matrix.

As seenin Equations@and@ ProGrad and APRNN share the same idea of using activation condition
to constrain each input in the edit set to lie on a specific linear piece of the edited DNN. Note that the
linear piece is not fixed but variable, because it is expressed as a closed-form linear expression in
terms of the editable DNN parameters.

For the conditional affine transformation z() & W% 4+ b(® of the non-first layer £ > 0 with
constant weight W and conditional variable input (), the conditional variable gradient % of the
pre-activation output z(©) with respect to the layer input ¥ is

5(0)
g}z{(z “wo (19)

For the conditional affine transformation Z(©) & W (©x(©) + b(©) of the first layer ¢ = 0 with variable

weight W and constant input x(), the conditional variable gradient 22 ()z ) ) of the pre-activation

output Z(?) with respect to the layer input x(?) is

AN
72 ety (0)
o 0 m
Theorem 4.5. The conditional variable gradient constructed in Definition[#-4)is valid and satisfies
the conditions stated in Definition

5 Experimental Evaluation

We have implemented ProGrad in PyTorch [26] and use Gurobi [10] as the LP solver. All experi-
ments were run on a machine with dual Intel Xeon Platinum 8362 Processors, 32-Core 2.8GHz with
1.5 TB of memory, SSD, and NVIDIA H100 GPU with 80 GB of GPU memory running Ubuntu 22.04.
Additional details can be found in Appendix [C|



Table 1: Enforcing hard Grad-CAM constraints on ResNet DNNs. Comparison of the (pixel-level)
Grad-CAM constraint satisfaction rate (Constr. Sat.), minimum cosine similarity (Min. Cos.) and
minimum intersection over union (Min. IoU) between the expected and edited Grad-CAMs, and the
top-1 accuracy (Acc.) of the edited DNNs on the ILSVRC 2012 IMAGENET validation set.

(a) Enforcing hard Grad-CAM constraints on ResNet152

Method 100 images with e=1e-2 1,000 images with e=5e-2

Constr. Sat. Min. Cos. Min. IoU Acc. Constr. Sat.  Min. Cos. Min. IoU Acc.
Original 7.06% 34.66% 4.35% 78.31% 30.85% 24.51% 0.00% 78.31%
EWA 6.61% 73.53%  20.00% 77.27% 30.47% 26.31% 0.00% 73.32%
SWA 6.27% 4995%  71.43% 77.79% 34.34% 65.56% 435% 76.55%
SSWA 6.37% 56.54% 71.43% 77.79% 34.32% 65.36% 435% 76.56%
ProGrad 100.00 % 99.97% 84.62% 78.08% 100.00 % 99.44% 50.00% 77.43%

(b) Enforcing hard Grad-CAM constraints on ResNet50

Method 100 images with e=1e-2 1,000 images with e=5e-2

Constr. Sat. Min. Cos. Min. IoU Acc. Constr. Sat. Min. Cos. Min. IoU Acc.
Original 7.35% 24.15% 0.00% 76.13% 31.21%  -68.81% 0.00% 76.13%
EWA 5.39% 65.44% 0.00% 73.42% 23.84% 37.95% 0.00% 65.86%
SWA 6.80% 83.25% 50.00% 75.24% 31.64% -1.84% 435% 73.67%
SSWA 6.71% 83.01% 41.18% 75.25% 31.67% -1.00% 435% 73.72%
ProGrad 100.00 % 99.96% 84.62% 75.38% 100.00% 99.31% 50.00% 74.33%

5.1 Enforcing hard Grad-CAM constraints on ResNet DNNs for IMAGENET

In this experiment, we edit ResNet152 and ResNet50 DNNs from torchvision [18] so that the
Grad-CAM attributions [29]] for a set of images are e-close to their expected attributions. We compare
ProGrad to the state-of-the-art Grad-CAM fine-tuning methods EWA, SWA and SSWA [25].

Edit set. The edit set consists of misclassified images that have deviated Grad-CAM attributions for
their expected class. These images are from the IMAGENET-C dataset [[L1] that are corrupted with
Gaussian noise, whose original uncorrupted version is correctly classified. For each misclassified
image in the edit set, we take the Grad-CAM attribution of the corresponding original correctly-
classified image as the expected Grad-CAM. For each DNN, we construct two such edit sets: (i) 100
images from the first 50 classes with e=1e-2; (ii) 1,000 images from the first 200 classes with e=5e-2.

Grad-CAM constraints. For each image x in the edit sets and its expected Grad-CAM L for
the expected class, let L’ denote the Grad-CAM on the edited DNN A/; let L, and L/ be the
min-max-normalized expected and edited Grad-CAMs; we use ||L, — L! || < € as the constraint.

Results. As shown in Table[I] ProGrad is the only method able to enforce the hard Grad-CAM
constraints, achieving a 100% constraint satisfaction rate (Constr. Sat.), and it achieves the best
accuracy (Acc.). ProGrad also achieves the best similarity between the edited and expected Grad-
CAM as measured by cosine similarity (Min. Cos.) and intersection over union (Min. IoU). In the
ResNet152 experiment, ProGrad took 22 minutes for 100 images and 3 hours 51 minutes for 1,000
images; in the ResNet50 experiment, ProGrad took 25 minutes for 100 images and 3 hours 37
minutes for 1,000 images. For each baseline, we performed a grid search over hyperparameters with a
time limit of 12 hours, and report the best results with the highest constraint satisfaction rate (Constr.
Sat.). Although the baselines (EWA, SWA and SSWA) can improve these similarity metrics, they are
unable to enforce the hard constraints.



Table 2: Enforcing hard Integrated Gradients (IG) constraints on Llama 3 and Qwen 3 LLMs.
Comparison of the (token-level) IG constraint satisfaction rate (Constr. Sat.), cosine similarity (Cos.)
and intersection over union (IoU) between the expected and edited IG, and the accuracy (Acc.) of the
edited LLMs on the SST-2 validation set.

(a) Enforce hard IG constraints on L1lama-3.2-1b-Instruct

Method 100 samples with e=5e-2 200 samples with e=1e-1
Constr. Sat. Cos. TIoU Acc. Constr. Sat.  Cos. TIoU Acc.
Original 25.45% 71.26% 32.34% 60.55% 38.15% 70.07% 30.83% 60.55%
SFT 52.67% 51.29% 32.17% 49.08% 67.07% 87.20% 37.14% 50.92%
DPO 51.70% 64.20% 23.73% 50.92% 65.88% 66.15% 35.81% 50.92%
ProGrad 100.00% 99.69% 84.10% 60.67% 100.00% 98.82% 71.50% 59.63%
(b) Enforce hard IG constraints on Qwen3-1.7B
Method 100 samples with e=5e-2 200 samples with e=1le-1
Constr. Sat.  Cos. TIoU Acc. Constr. Sat.  Cos. TIoU Acc.
Original 26.55% 64.70% 26.27% 85.89% 35.73% 64.81% 26.77% 85.89%
SFT 29.51% 63.09% 25.37% 89.22% 37.75% 58.64% 29.52% 51.03%
DPO 32.18% 56.52% 30.18% 50.92% 37.72% 60.12% 31.18% 50.92%
ProGrad 100.00% 99.75% 84.59% 88.19% 100.00% 99.05% 74.00% 88.07%

5.2 Enforcing hard Integrated Gradients constraints on LLMs for SST-2

In this experiment, we edit Llama-3.2-1b-Instruct [9] and Qwen3-1.7B [48] LLMs so that
the Integrated Gradients (IG) attributions [39] for a set of sentences are e-close to their expected
IG attributions as determined by the corresponding teacher LLMs Llama-3.1-8b-Instruct and
Qwen3-8B. We compare ProGrad against supervised fine-tuning (SFT) and direct preference opti-
mization (DPO) [27] as baselines.

Edit set. The edit set consists of misclassified sentences that have deviated 1G attributions for
the expected answer token. These sentences are misclassified samples from the Stanford Sentiment
Treebank 2 (SST-2)[36] training set, but are correctly classified by the corresponding teacher LLM.
For each sentence in the edit set, we take the corresponding IG from the teacher LLM as the expected
IG attribution. For each LLM, we construct two such edit sets: (i) the first 100 misclassified sentences
from SST-2 with e=5e-2; (ii) the first 200 misclassified sentences from SST-2 with e=1e-1.

IG constraints. For each sentence x in the edit set and the corresponding expected 1G L for
the expected answer token, let L’ denote the IG on the edited LLM A”; let L, and L denote the
min-max-normalized expected and edited IGs. We use ||L, — L/ || < € as the IG constraint.

Results. As shown in Table 2] ProGrad is the only method able to enforce the hard IG constraints
and achieves the best accuracy in three out of four experiments. ProGrad also achieves the best
similarity between the edited and expected IG as measured by cosine similarity (Cos.) and intersection
over union (IoU). In the L1ama-3.2-1b-Instruct experiment, ProGrad took 9 minutes for 100
samples, and 10 minutes for 200 samples. In the Qwen3-1.7B experiment, ProGrad took 28 minutes
for 100 samples, and 32 minutes for 200 samples. For each baseline, we performed a grid search over
hyperparameters with a time limit of 4 hours, and report the best results with the highest constraint
satisfaction rate (Constr. Sat.). The baselines (SFT and DPO0) failed to enforce the hard constraints,
barely improved the similarity metrics, and in most cases decreased the accuracy of the edited LLM
on the SST-2 validation set.



Table 3: Enforce hard gradient constraints on a function approximation DNN. Comparison of
the gradient constraints violation rate (Grad. Violation), as well as the MSE error on the gradient
(Grad. Error) and output (Output Error). The GD baseline is regularization-based training on both the
DNN output and gradient. The GD + ProGrad method applies ProGrad after the regularization-based
training to enforce the hard gradient constraints and minimize the gradient and output errors.

Method Grad. Violation Grad. Error Output Error
GD 4.30% 4.25¢-03 1.74e-03
GD + ProGrad 0.00% 1.09e-04 1.50e-05

5.3 Enforce gradient constraints in training a DNN to approximate a target function

In this experiment, we aim to enforce hard gradient constraints on a DNN that approximates a
target function. The gradient constraints are derived from the gradient of the target function. This
experiment acts as a proxy for safety constraints in control systems and physical invariants in scientific
applications. We compare ProGrad against regularized-based training method, which incorporates
the DNN gradients in the loss function.

Setup. We use a 4-layer fully-connected DNN NV : R — R with 100 hidden neurons per layer
and Tanh activation function. Over the domain [0, 37], the DNN N is trained to approximate the
following function f : R — R

f(x) = —x cos(x) + sin(x) 20
and the gradient % of DNN A/ approximates the gradient % : R — R of the target function f:

%f(x) = zsin(z) (22)

Gradient constraints. The target gradient function % (z) = xsin(x) is bounded by the upper
bound function g, (z) = x and the lower bound function g;(z) = —z, and we aim to enforce this

hard constraint on the DNN gradient d%./\/' for all training samples Vo € D, —z < %N (z) < .

Results. Table[3|presents the results of the experiment. Although regularization-based training on
both the DNN output and gradient can achieve good (low) errors, the trained DNN is not free of the
gradient constraints violations. Applying ProGrad after the regularization-based training to enforce
the hard gradient constraints as well as minimize the gradient and output errors can achieve 0%
gradient constraints violation and further improve (decrease) the gradient and output errors. ProGrad
took 10 seconds to edit this DNN.

6 Conclusion

We have presented ProGrad, the first efficient approach for provable gradient editing of DNNs
that runs in polynomial time in the size of the edited layers. We presented a novel method for
constructing conditional variable gradient of DNNs, enabling ProGrad to use an LP solver to find
an edit. To demonstrate the effectiveness of ProGrad, we evaluated ProGrad in enforcing hard
Grad-CAM constraints on ResNet DNNs for IMAGENET, enforcing hard Integrated Gradients
constraints on Llama 3 and Qwen 3 LLMs, and enforcing hard gradient constraints in training a
function-approximation DNN. The results highlight the unique capability of ProGrad in enforcing
hard constraints on DNN gradients.

Societal Impacts The use of hard constraints to edit DNNs enables learning with fewer data points,
and guaranteeing the safety of DNNs. ProGrad can be used to make DNNs safer, trustworthy, and
interpretable. However, because ProGrad is a general technique for editing the gradients of DNNS, it
could also be misused, for instance, to tamper with the interpretation of a DNN.

Limitations ProGrad is currently limited to enforcing gradient constraints for a (finite) set of input
points. Future work could extend ProGrad to enforce gradient constraints for input polytopes by
adapting ideas from APRNN [41] and PREPARED [40].
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A Proofs

Theorem 4.3. Given a provable gradient editing problem (Definition for DNN N and pa-

rameters 0 with input x and a gradient constraint Q < {zeR"|Az <Db}. Ler %J\/’(x; 0) be
the conditional variable gradient of the DNN N with respect to the input X, under the activation
condition @. The following linear program can be solved in polynomial time in the size of the edited
layers of the DNN N, and its solution is a solution to the provable gradient editing problem.

min |6 — 6| st @ A A%N(x;ﬁ)gb (15)

Proof. We first show that Equation [15|is a linear program that can be solved in polynomial
time in the size of the DNN. By the definition of conditional variable gradient (Definition [4.2),

(i) %K/ (x; 5) is a linear expression and ¢ is a linear formula, hence Equation |15|is a linear program;

(ii) the sizes of both (%/V (x; b\) and ¢ are polynomial in the size of the DNN, i.e., the number of
parameters, layers, and the input and output dimensions of each layer, hence Equation |15|can be
solved in polynomial time in the size of the DNN.

We then show that any solution to Equation [15]is a solution to the provable gradient editing
problem (Equation [14]in Definition[d.1). By the definition of conditional variable gradient (Defi-
nition , for any solution &’ to the variable parameters @ that satisfies the activation condition @,
%N(x; 0" = %/\/’(x; "), hence A%N(x; 6") < b holds and Equationis satisfied. O

Theorem 4.5. The conditional variable gradient constructed in Definition is valid and satisfies
the conditions stated in Definition

Proof. We will recall Definition 4.4 and prove this theorem step by step.  Consider
an L-layer feed-forward ReLU deep neural network (DNN) A with parameters 6 ¢
{W(O),W(l), L WED RO B, ,B(lﬁl)}, where the first-layer weight W© and all-layer bi-
ases b(®) are variables. For an input x € R", the conditional variable gradient (%K/ (x; 5) of a DNN

A in terms of & with respect to the input x is defined by the chain rule as

0 o e Ty OREHD B
w @0 11 T 9

with the activation condition @ & N, @) defined from each layer /.

We will show below that (i) except for gﬁﬁ?)
AN

oD . e~ .
all other % and 5Z; are constant matrices (ii) @) for each layer ¢ are linear formulas,
720 . . . S .y .
gi(o) is a linear expression, and their sizes are polynomial in the number of input and output

neurons as well as parameters of the layer /; (iii) for each layer ¢ 020 _ %29 and 2 implies

» %O T 0%
8’;;21) = % Consequently, we can conclude that (i) ;_%N (x;@) is a linear expression, because
it is a product of one linear expression (gii(;;) and many constant matrices (all other % and
%ﬁg); () p = A, ¢9is a linear formula, the sizes of %Kf (x; 5) and ¢ are polynomial in the size
of the DNN WV, i.e., the number of parameters, layers, and the input and output dimensions of each
layer; (iii) by induction, @ implies O%K/ (x;/«9\) = %N (x;g). Hence, the conditional variable gradient
constructed in Definition d.4]is valid and satisfies the conditions stated in Definition £.2]

for the first layer ¢/ = 0 is a linear expression,

We first prove those conditions for the affine transformation. For the conditional affine transfor-

mation z(©) & Wk (©) 4 b(0) of the first layer £ = 0 with variable weight W(® and constant input
giz)) of the pre-activation output zZ(?) with respect to the layer

x(9) the conditional variable gradient
input x(©) is

) (0
oz def 7 (0)

7 (24)
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which (i) is a matrix of variable weights whose size is the same as W(@, hence linear; (ii) uncon-

ditionally equals to the exact gradient gio)) W),

For the conditional affine transformation z() & W% 4 b(® of the non-first-layer £ > 0 with
constant weight W) and conditional variable input X(*), the conditional variable gradient % of the
pre-activation output z(*) with respect to the layer input X(*) is

Y g r(0)

O (25)
which (i) is a constant matrix, hence linear; (ii) unconditionally equals to the exact gradient
970 def W( )
ox®

For the conditional ReLU activation X(“*1) £ diag(1,050) 2 of non last layer ¢ < L—1, let p

be the number of output neurons of the layer £. We first show that %1 45 a constant matrix,

d ON
and 5% is a linear formula whose size is polynomial i 1n the number of output neurons p of the

ox

layer /. Recall that the conditional variable gradient ~( D ! of the ¢-th layer post-activation output

x(“+1) with respect to the pre-activation output z(©) is

OxU+1)
= = diag(1,0050) (26)
with the /-th layer activation condition @(©)
P = diag(1,050) 2 > 0 A diag(Lyw<) 2 <0 27)
ox(¢+1) RPXP . . ~(0) ; . . . . .-
Sso € is a constant matrix of size p X p, and ¢'*is a conjunction of p linear inequalities,

(¢+1) |
hence ‘)’5~( 7 1s a constant matrix, ?®is a linear formula whose size is polynomial in the number of

output neurons p of the layer £.

We then show that ¢(*) implies xi(z) = ‘7’;‘);(2) where 2+ & ReLU(z()). The activation

condition ¢(©) constrains the ReLU activation pattern of the pre-activation conditional variable output
Z() to be the same as a constant pre-activation output z(9). Hence, if (¥ is satisfied, then (i) for

any z( ) > 0, we have the conditional variable z; @ 0, hence x(Hl) (Z) and 13, = 1; (ii) for

any zg ) < 0, we have the conditional variable zg ) < 0, hence x(()+ ) — =0 and 1; <o = 0. Therefore,

we proved that $() implies diag (1,5¢) = diag(1zws), which is our goal £ ).;J;) — &D

FEGEE
(L) 55 (L) . . . .
For the last layer £ = L —1 without ReLU activation, Od(L 5= % = diag(1) is an identity
(L)
matrix and <p(L 1) = T has a constant size. Hence, for the last layer { = L—1, X
()z(L 1)

a constant matrix, »“~1) is a linear formula of constant size, and »“~1) trivially implies
o™ oz 0
=D G
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B General provable gradient editing of DNNs

In this section, we present the extension of our approach presented in Section[dto solve the general
provable gradient editing, which handles (i) efficient editing: our approach allows editing only the
last few layers of the DNN while keeping the rest of the DNN unchanged, which enables efficient
editing of large DNN:ss; (ii) general DNN architectures: the editing is not restricted to multi-layer
perceptron (MLP) fully-connected ReLU DNNS, but applies to DNNs of any architecture with an
MLP ReLU DNN as the last few layers; (iii) set of inputs: our approach can edit the DNN for
a set of inputs at the same time, guaranteeing constraint satisfaction for all of them; (iv) general
linear constraints: our approach allows any linear constraints over the set of inputs, as well as their
corresponding DNN outputs and gradients, not restricted to constraints that only talk about individual
inputs. The effectiveness and efficiency of our approach for solving the general provable gradient
editing problem is demonstrated in our experiments (Section[d).

Definition B.1. Given a DNN A & \/(up) o A/(down) which is a composition of a general DNN
NP RP — R™ of any differentiable architecture, and an L-layer fully-connected ReLU DNN
N (down): Rn _ R™ wyith parameters § = {W©), W) WED b b1 b)Y ag defined
in Deﬁnition Letd & {W(O),W(l), L WD) B0 ) ,E(L_l)} be the new parameters of
N(own) Givenaset S C {x[x€R"} x {Q|Q C R™"} of pairs (x,Q), where x € R" is a
DNN input, and Q & {J € R™*" | Avec(J) < b} is the corresponding linear constraints on the

Jacobian J £ LN (x; 5) € R™*" of the DNN N with respect to the input x € R”, we use J to

denote the Jacobian matrix J flattened as a vector. The provable gradient editing problem is to find
new parameters @ that
~ 9 ~
in|6—46 .t. —N(x;0) € 28
min |6 — 6]| s N S Nx8)€Q (28)

(x,Q)eS

The problem above can be solved using conditional variable gradient of DNNs defined in Defini-

tion [4.4¢

—~ _ 9z(wp) 9
minff — 0] st N\ Boom A AT

Ar(down)/, (up). 7
N e a0 <b(29)
x,Q)€e

where z(UP) & A/ (“p)(x) denotes the input to N (4°""), & .., denotes the activation condition con-

. (up) . . .
straint for (x,Q) € S, azaxp denotes the Jacobian matrix of z("P) with respect to x. |

B.1 Analysis of the LP Size

First, we would like to emphasize that the size of the formulated linear program (LP) does not
necessarily depend on the size (depth and width) of the entire DNN; viz., the size of the LP does
not necessarily grow with the size of the DNN. Because ProGrad does not require editing from the
first layer; in practice, ProGrad allows editing only the last few layers (N'(°V™) of the DNN, while
keeping the rest of the DNN (N ("P)) unchanged, enabling efficient editing of large DNNS.

In this section, we analyze the size of the LP for formulating the conditional variable gradient for one
input in terms of the depth and width of the non-frozen editing-layers N'(9°"™), which are the the last
L layers of an arbitrarily large DNN. For ease of presentation, we assume N is a feed-forward ReLU
DNN as defined in Definition 3.1} Let ny and npq for 0 < ¢ < L be the input and output widths of
the ¢-th layer, viz., x() € R, 2(0) ¢ R™+1, W) ¢ R™e+1%7 and b(Y) € R™+1. We will show that
the size of the formulated LP for each edited layer is polynomial in the input and output widths of
that layer, hence the LP size for encoding the conditional variable gradient of a large DNN A for one
input is polynomial only in the size of the last L edited layers A/(dW0),

LP size for encoding the pre-activation conditional variable output. For the first layer ¢ = 0,
encoding the pre-activation conditional variable output z(®) (Equation

7(0) & 357(0) 5 (0) +b© 7)
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E(O)| + |W(O)| + |B(0)| = n1 + ngni +n1 = ngnq + 2n, variables and
less than 2] x (14 |[W©)| 4+ 1) = ngn? + 2n; non-zero entries in the formulated LP.

uses |E(O)| = n constraints,

For other layers 0 < ¢ < L, encoding the pre-activation conditional variable output z*) (Equation
PACE=R O ONRNG) ®)

20 + x| + |B(£)| = ngy1 +ng 4+ ey = ng + 2ngyq variables
and less than ’E(€)| x (14 |}~((Z)| + 1) = nyne+1 + 2ne41 non-zero entries in the formulated LP.

uses [z2()| = ngy1 constraints,

LP size for encoding the post-activation conditional layer output. For any layer 0 < ¢ < L,
encoding the (-th layer post-activation conditional variable layer output (1) (Equation

DS diag(1,0050) 27 9)

uses [X(“*Y)| = nyyy constraints,

x| 4+ 29 = g1 + g1 = 2ngqq variables and less than
2 % ‘§(€+1)| = 2ny41 non-zero entries in the formulated LP.

LP size for encoding the activation condition. For any non-last layer 0 < ¢ < L — 1, encoding
the (-th layer activation condition »*) (Equation

P = diag(1,0050) 2 > 0 A diag(y0<0) 2 <0 (10)

uses 2 x [z(9| = 2n,. 1 constraints, |z(Y)] = ny.; variables and less than 2 x |2(9)| = 2n,. 1 non-zero
+ + +

entries in the formulated LP.

For the last layer £ = L — 1, there is no ReLU activation, hence no activation condition to encode.

LP size for encoding the conditional variable gradient. Encoding the conditional variable gradient

for the first editing layer g;zz‘;; (Equation

85(0) def ’\(0)

o 20
R0 (20)
5(0) . 5(0) = .
uses ‘gxz—(m = nyng constraints, %‘ + [WO] = ngny + ngny variables, and less than 2 x
SO .
( g:(o)| + ’W(O)|) = 2ng + 2n; non-zero entries in the formulated LP.

Because the gradient for A/(1°")(1:L)is constant, encoding the variable gradient for %K/’ (down)(x. §)
uses ngnyz, constraints, ngny, + niny, variables, and less than ngny X ngnr + nognz non-zero entries
in the formulated LP.

Because the gradient for the frozen layers A/("P) is constant, let n denote the input width to A/,
encoding the variable gradient for A" uses nny, constraints, nny + nony variables, and less than
nng X nny, + nnr, non-zero entries in the formulated LP.

Therefore, by induction, we have that the size of the formulated LP for encoding the conditional
variable gradient for one input is polynomial in the input and output widths of each edited layer,
hence polynomial in the size of the last L edited layers N (1°*™) instead of the entire DNN A. When
editing the DNN gradients for a set of inputs, the size of the formulated LP grows linearly with the
number of inputs in the set.
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C Evaluation Details

C.1 Enforcing hard Grad-CAM constraints on ResNet DNNs for IMAGENET.

In this section we present the experiment details for Section[5.1]

Setup details. For the two edit sets, (i) the 100 images with e=1e-2 edit set consists of the first 100
images from the first 50 classes of the IMAGENET-C dataset with Gaussian noise and severity 1, for
which the original uncorrupted images are correctly classified, while the corrupted images are top-1
misclassified but top-5 correctly classified; (ii) the 1,000 images with e=5e-2 edit set consists of the
first 1,000 images from the first 200 classes of the IMAGENET-C dataset with Gaussian noise and
severity 1, for which the original uncorrupted images are correctly classified, while the corrupted
images are top-1 misclassified but top-5 correctly classified. Both cosine similarity and IoU are
computed on the min-max-normalized Grad-CAM attributions, where ToU uses a 75% percentile
threshold.

The ResNet152 DNN is from torchvision with the pre-trained weights
ResNet152_Weights.IMAGENET1K_V1: https://docs.pytorch.org/vision/main/
models/generated/torchvision.models.resnet152.html#torchvision.models.
ResNet152_Weights. The ResNet50 DNN is from torchvision with the pre-trained weights
ResNet50_Weights.IMAGENET1K_V1: https://docs.pytorch.org/vision/main/models/
generated/torchvision.models.resnet50.html#torchvision.models.ResNet50_
Weights.

For each gradient-descent-based baseline, we perform a grid search over the learning rate, batch size,
number of epochs, and transfer weight hyperparameters, with a time limit of 12 hours, and report the
best results with the best constraint satisfaction rate.

Setup for EWA baseline. The hyperparameters are taken from the original EWA experiments. We
use the SGD optimizer with learning rate le — 3, momentum 0.9 and weight decay le — 4. We
fine-tune the last layer of ResNet 152 for 300 epochs with a batch size of 100. For the 100 images
with € = le — 2 experiment, we use the transfer weight 1e4; for the 1000 images with € = 5e — 2
experiment, we use the transfer weight le3.

Setup for SWA baseline. The hyperparameters are taken from the original SWA experiments. We
use the SGD optimizer with learning rate le — 3, momentum 0.9 and weight decay le — 4. We
fine-tune the last layer of ResNet 152 for 300 epochs with a batch size of 100. For the 100 images
with € = le — 2 experiment, we use the transfer weight 1e4; for the 1000 images with € = 5e — 2
experiment, we use the transfer weight le3.

Setup for SSWA baseline. The hyperparameters are taken from the original SSWA experiments. We
use the SGD optimizer with learning rate 1e — 3, momentum 0.9 and weight decay 1le — 4. We use
the SSWA erase rate 0.3, and fine-tune the last layer of ResNet152 for 300 epochs with a batch size
of 100. For the 100 images with € = 1e — 2 experiment, we use the transfer weight 1e4; for the 1000
images with € = be — 2 experiment, we use the transfer weight 1e3.

Setup for ProGrad. We edit the last layer of both ResNet DNNs, with the changes to the parameters
bounded by [—3, 3].

Additional statistics for Grad-CAM similarity metrics. Figure @] shows the statistics of various
Grad-CAM similarity metrics, viz., the constraint satisfaction rate (Constr. Sat.), cosine similarity
(Cos.) and intersection over union (IoU) between the expected and edited Grad-CAM attributions for
the ResNet152 experiments.

Additional generalization results. In Table[d] we present additional generalization results for the
ResNet 152 experiment on enforcing hard Grad-CAM constraints with 1000 samples in Section[5.1]
As evidenced by the results, ProGrad improves those metrics comparing to the original model, and
achieves the best generalization comparing to the baselines.

C.2 Enforce hard Integrated Gradients constraint for SST-2 Llama LLM.

In this section we present the experiment details for Section
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Figure 4: Additional statistics for Grad-CAM similarity metrics of Table (1| in the main paper
(Section |3;1'|) viz., the (pixel-level) Grad-CAM constraint satisfaction rate (Constr. Sat.), cosine
similarity (Cos.) and intersection over union (IoU) between the expected and edited Grad-CAMs.

Table 4: Additional generalization results for the ResNet152 experiment on enforcing hard
Grad-CAM constraints with 1000 samples in Section 5.1} For a generalization set consisting of
4,000 images that’s similar to the 1,000-image edit set but with different corruption levels, we present
the constraint satisfaction rate (Constr. Sat.) with e=1le-1, cosine similarity (Cos.) and intersection
over union (IoU) on the generalization set, as well as the top-1 accuracy (Acc.) of the edited DNN
on the ILSVRC 2012 IMAGENET validation set. As evidenced by the results, ProGrad improves
those metrics comparing to the original model, and achieves the best generalization comparing to the
baselines.

Method  Constr. Sat. Min. Cos. Min. [oU  Acc.

Original 32.98% 77.53%  39.42% 78.31%
EWA 35.71% 82.41%  39.89% 73.32%
SWA 36.15% 84.74%  45.28% 76.55%
SSWA 36.16% 84.74%  45.26% 76.56%
ProGrad 42.35% 85.75% 47.43% 77.43%

Setup details.

Legendre quadrature to approximate the integral with 25 steps in bfloat16 precision.

For both constant and conditional variable integrated gradients, we use Gauss-

Fol-

lowing the common practice, we use the zero point in the token space as the baseline, i.e.,
a vector of token ID 0. We apply hard constraints and evaluate IG similarity metrics on
the IG of the actual sentences from the SST-2 dataset, ignoring the template and special to-
kens. Both cosine similarity and IoU are computed on the min-max-normalized IG attribu-
tions, where ToU uses a 50% percentile threshold. The Llama-3.2-1b-Instruct LLM for edit-
ing is from https://huggingface.co/meta-1lama/Llama-3.2-1B-Instruct; The teacher
Llama-3.1-8b-Instruct LLM for computing the expected IG is from https://huggingface.
co/meta-1lama/Llama-3.1-8B-Instructl The Qwen3-1.7B LLM for editing is from https:
//huggingface.co/Qwen/Qwen3-1.7B; The teacher Qwen3-8B LLM for computing the expected
IG is from https://huggingface.co/Qwen/Qwen3-8B.

21


https://huggingface.co/meta-llama/Llama-3.2-1B-Instruct
https://huggingface.co/meta-llama/Llama-3.1-8B-Instruct
https://huggingface.co/meta-llama/Llama-3.1-8B-Instruct
https://huggingface.co/Qwen/Qwen3-1.7B
https://huggingface.co/Qwen/Qwen3-1.7B
https://huggingface.co/Qwen/Qwen3-8B

For each gradient-descent-based baseline, we perform a grid search over the learning rate, batch size,
number of epochs, and trainable parameters, with a time limit of 4 hours, and report the best results
with the best constraint satisfaction rate.

Setup for SFT baselines. We use trl [42] with a learning rate from {1le-3, le-4}, epochs from
{1,2,3,4,5}, bfloat16 precision, and trainable parameters from the language modelling head
(1m_head) only or all layers. In Table 2] we report the best results among all hyperparameter
combinations with the highest constraint satisfaction rate. For the Llama 3 experiment with 100
samples, the best result uses a learning rate of 1e-3, fine-tunes all layers for 1 epoch; for the Llama
3 experiment with 200 samples, the best result uses a learning rate of 1e-3, fine-tunes all layers for
3 epochs; for the Qwen 3 experiment with 100 samples, the best result uses a learning rate of 1e-4,
fine-tunes all layers for 5 epochs; for the Qwen 3 experiment with 200 samples, the best result uses a
learning rate of 1e-3, fine-tunes all layers for 3 epochs.

Setup for DPQ baselines. We use trl [42] with a learning rate from {1e-3, le-4}, epochs from
{1,2,3,4,5}, bfloat16 precision, and trainable parameters from the language modelling head
(1m_head) only or all layers. In Table 2] we report the best results among all hyperparameter
combinations with the highest constraint satisfaction rate. For the Llama 3 experiment with 100
samples, the best result uses a learning rate of 1e-3, fine-tunes all layers for 1 epoch; for the Llama
3 experiment with 200 samples, the best result uses a learning rate of 1e-3, fine-tunes all layers for
1 epoch; for the Qwen 3 experiment with 100 samples, the best result uses a learning rate of le-3,
fine-tunes 1m_head for 1 epoch; for the Qwen 3 experiment with 200 samples, the best result uses a
learning rate of le-3, fine-tunes 1m_head for 1 epoch.

Setup for ProGrad. For both LLMs, we edit the language modelling head (1m_head) with the
changes to the parameters bounded by [—10, 10].

C.3 Enforce gradient constraints in training a DNN to approximate a target function

Setup. We use a 4-layer fully-connected DNN N : R — R with 100 hidden neurons per layer and
Tanh activation function. Over the domain [0, 37], we uniformly sample 2,048 points as the dataset D.
The DNN N is trained to approximate the following function f : R — R

f(x) = —x cos(x) + sin(x) (30)
and the gradient % of DNN N approximates the gradient % : R — R of the target function f:
if(a;) = zsin(z) (31)
dz B

Gradient constraint. The target gradient function - f(z) = x sin(z) is bounded by the upper
bound function g, (z) = x and the lower bound function g;(z) = —z, and we aim to enforce this
hard constraint on the DNN gradient %N’ : for all training samples Vo € D, —z < %N (z) <z

Setup for GD baseline. We use the Adam optimizer with learning rate 0.01, and exponential learning
rate decay with v = 0.997. We train the DNN for 300 epochs with a batch size of 64, using the
following loss function to learn both the DNN output and the gradient:

L(z) =MSE(N(z), f(z)) + MSE(iN(a:), %

- f(x)) (32)

Setup for ProGrad. We edit the last layer of the GD trained DNN, with the following hard constraints

Vx € D. —x < i./\/'(x,a) <x
dx

while minimizing the difference between the DNN outputs and gradients with the reference outputs
and gradients.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The theoretical claims in the abstract and introduction are presented in Section[4]
and proved in the appendix. The empirical claims in the abstract and introduction are justified
in Section

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations are discussed in Section[6l
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The full set of assumptions and informal proof sketch are provided in Section[4]
complemented by formal proofs in the appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

¢ Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Section [ complemented by the appendix fully disclose all information needed
to reproduce the technique, and Section[5]complemented by the appendix fully disclose all
information needed to reproduce the experimental results.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: The experiments Section [5.IH5.2] use open-access benchmarks. For the
implementation of our tool, we could not make the code open access due to ongoing IP
restrictions.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The experimental settings are presented in Section [5|complemented by further
details in the appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: Because the proposed algorithm is deterministic, we instead evaluate our
approach on a variety of benchmarks and setups to demonstrate its efficacy and efficiency.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The evaluation platform and runtime are provided in Section [5|and the ap-
pendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: This is discussed in Sections[I]and [6
Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This paper proposes an efficient and provable gradient editing approach of
DNNs, which does not involve releasing of data and models that have a high risk for misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Section[5|and the appendix cites the original papers that produced the baselines,
tools, models and benchmarks used in the paper.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not introduce new assets in the paper.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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